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1 Lecture questions (6 points)

Answer very brie�y the following questions (one or two sentences are enough for each

question, and no equation is necessary).

Question 1 Indicate two important limitations of the Solow-Swan model.

Question 2 What does the economy interact with in the DICE model ? Or, in other

words, what does the letter �C� in the acronym �DICE� stand for ?

Question 3 How do the private returns and the social returns of capital di�er in the

model of Romer (1986) ?

Question 4 In the model of Romer (1990), why can't the socially optimal equilibrium

be implemented by subsidizing Research and Development ?

Question 5 Are government expenditures a stock or a �ow ? And public debt ?

Question 6 Why is Ricardian equivalence not satis�ed in the overlapping-generations

model ?

2 Problem : automation/robotization in the Cass-Koopmans-
Ramsey model (14 points)

The goal of this problem is to study the positive and normative consequences of a change

in the production function in the Cass-Koopmans-Ramsey model. One can answer each

question without having answered the previous questions, simply by using the

results given in these previous questions.

We start from the Cass-Koopmans-Ramsey model considered in the lectures and the

tutorials, in the particular case of a constant elasticity of intertemporal substitution, equal
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to 1/θ, where θ > 0 and θ 6= 1. We use exactly the same notations as in the lectures and the

tutorials : rt denotes the real interest rate, wt the real wage, bt the per-capita real amount

of assets, Lt the population and aggregate labor supply, Ct aggregate consumption, ct per-
capita consumption, γt ≡ Ct/(AtLt) consumption per e�ective-labor unit,Kt the aggregate

capital stock, κt ≡ Kt/(AtLt) the capital stock per e�ective-labor unit, and Yt aggregate
output at time t ; ρ > 0 denotes the rate of time preference, n ≥ 0 the population-growth

rate (i.e. the growth rate of population Lt), g ≥ 0 the rate of technological progress (i.e.

the growth rate of labor e�ectiveness At), and δ > 0 the capital-depreciation rate. As in

the lectures and the tutorials, we focus on parameter values such that ρ − n > (1 − θ)g.
The only di�erence with the Cass-Koopmans-Ramsey model considered in the lectures and

the tutorials is that we consider here the following production function :

Yi,t = F (Ki,t, AtNi,t) ≡ ZKi,t +Kα
i,t (AtNi,t)

1−α ,

where Z ≥ 0, 0 < α < 1, and Yi,t, Ki,t, Ni,t are respectively the output, the capital stock,

the labor demand of �rm i at time t. We use the notation f(x) ≡ F (x, 1) = Zx+ xα.

2.1 Case Z = 0

We �rst consider the case Z = 0. In this case, the model is exactly the same as the

one studied in the lectures and the tutorials, in the particular case of a Cobb-Douglas

production function (Yi,t = Kα
i,t (AtNi,t)

1−α).

Question 7 It is reminded that, in this model, the representative household's optimization

problem is the following one : for some given (rt, wt)t≥0 and b0,

max
(ct)t≥0,(bt)t>0

∫ +∞

0
e−(ρ−n)t

(
c1−θt − 1

1− θ

)
dt

subject to

∀t ≥ 0, ct ≥ 0,

∀t ≥ 0,
·
bt = (rt − n)bt + wt − ct,

lim
t→+∞

[
bte
−

∫ t
0 (rτ−n)dτ

]
≥ 0.

Interpret very brie�y, in economic terms, the last two constraints (one or two sentences

are enough for each constraint). Write the Hamiltonian of the representative household's

problem, and then the �rst-order condition on the control variable and the costate equation.

Deduce the Euler equation
·
ct/ct = (rt − ρ)/θ.

Question 8 Explain very brie�y why we have rt = f ′(κt)− δ in equilibrium. Deduce the

following di�erential equation :

·
γt
γt

=
1

θ

[
α

κ1−αt

− (δ + ρ+ θg)

]
.

Question 9 Write the goods-market-clearing condition in aggregate terms. Deduce the

following di�erential equation :

·
κt = καt − γt − (n+ g + δ)κt.

Question 10 De�ne the steady state and show that κt and γt are constant over time at

the steady state. Show that the saving rate st ≡ (Yt −Ct)/Yt is also constant over time at

the steady state, equal to s∗ ≡ α(n + g + δ)/(δ + ρ + θg). Brie�y interpret, in economic

terms, the fact that s∗ is strictly decreasing in ρ and θ.
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2.2 Case Z > 0

In this section, we consider the case Z > 0.

Question 11 Of the �ve properties of the Cass-Koopmans-Ramsey model's production

function (considered in the lectures and the tutorials), which ones does the production

function considered here not satisfy ? Can we justify such a production function by invoking

automation and robotization processes ?

Question 12 Write �rms' optimization problem, get the �rst-order condition with respect

to Ki,t, deduce that Ki,t/Ni,t does not depend on i and is equal to Kt/Lt, and that

Yt = F (Kt, AtLt).

Question 13 Explain very brie�y how the answers to Questions 7, 8 and 9 are modi�ed

(if they are), and deduce the following two di�erential equations :

·
γt
γt

=
1

θ

[
α

κ1−αt

− (δ + ρ+ θg − Z)
]
,

·
κt = καt − γt − [(n+ g + δ)− Z]κt.

Question 14 Show that there exists a steady state if and only if

Z < δ + ρ+ θg.

Interpret this condition in economic terms. Assuming that this condition is satis�ed, show

that the saving rate st is constant over time at the steady state and determine its value as

a function of the model's parameters. Does this value depend on Z, and how does it if it

does ? Interpret in economic terms.

2.3 Case 0 < Z < n+ g + δ

In this section, we consider the case 0 < Z < n+ g + δ.

Question 15 Show that this case is a particular case of the case 0 < Z < δ + ρ + θg

(considered in the previous question). Brie�y explain why the equations
·
κt = 0 and

·
γt = 0

correspond to a bell-shaped curve and a vertical straight line in the quadrant (κt > 0, γt >
0) of the plane (κt, γt), as in the Cass-Koopmans-Ramsey model considered in the lectures

and the tutorials, and as represented in the �gure below. Show that the top of the bell-

shaped curve is necessarily located on the right of the vertical straight line. What can we

deduce in terms of the possibility of dynamic ine�ciency ? Brie�y explain.
 

0 

γt 

0 
κt 

𝜅̇௧ = 0 

𝛾̇௧ = 0 
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Question 16 We admit that, in the absence of shocks and surprises, the unique equi-

librium path is the saddle path, as in the Cass-Koopmans-Ramsey model considered in

the lectures and the tutorials, and as represented in the �gure above. 1 We assume that

the economy is at the steady state until time T (excluded). At time T , unexpectedly, the
parameter Z takes a new value, higher than its previous value, and remains at this new

value thereafter. Draw the path followed by the economy in the plane (κt, γt). Explain and

interpret. Is this path qualitatively di�erent from the one obtained following a permanent

reduction in parameter δ, and, if it is, how is it di�erent ?

2.4 Case Z > n+ g + δ

In this section, we consider the case Z > n+ g + δ.

Question 17 In the sub-case n+ g+ δ < Z < δ+ ρ+ θg, draw, in the plane (κt, γt), the

form that the equations
·
κt = 0 and

·
γt = 0 take. Can we have dynamic ine�ciency in this

case, and why ?

Question 18 In the sub-case Z > δ+ρ+θg, show that γt → +∞ as t→ +∞. Assuming

that κt varies monotonously over time (i.e. either always decreasing, or always increasing,

or always constant), show that κt → +∞ as t→ +∞. Is the model an endogenous-growth

model then ? Justify and interpret.

1. The proof of this result is essentially the same as the one seen in the lectures.
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